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Abstract 
This paper investigates the existence of normalized solutions to a fractional 
Schrödinger equation with combined nonlinearities. In previous studies, the 

equation ( ) 2Δ qu u g u u uλ −− + = + . where * 23,2 2
2

NN q
N

≥ < < =
−

 has 

been proven to have solutions through various constraints and methods. Fur-
thermore, we consider the existence of solutions for fractional equations. In the 

2L -supercritical cases, we employ the Sobolev subcritical approximation 
method to establish the existence of normalized ground-state solutions. 
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1. Introduction 

In this paper, we are concerned with the existence of normalized solutions to the 
following Schrödinger equation with combined nonlinearities: 

( ) ( )
( )

2

2

Δ , in ,

 d , ,N

s q N

s N

u u g u u u

u x a u H

λ − − + = +


= ∈∫




          (1.1) 

where 1 1
2

s< < , 2N ≥ , λ ∈ , *4 22 2
2s

s Nq
N N s

+ < < =
−

 and g  satisfies the  

following conditions: 
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( )1G  ( ),g C∈    is an odd function and ( ) ( )
0

d
u

G u g t t= ∫ ; 

( )2G  ( ) [ )0 41
limsup 0,u s

N

g u

u
β→

+
= ∈ ∞  and ( )

*2 1
lim 0

s
u

g u

u
→+∞ −

= ;  

( )3G  ( )
42 s
N

G u

u +



 is increasing on ( )0,+∞ , where ( ) ( ) ( )2G u g u u G u= − ;  

( )4G  ( ) ( )*2sg u u G u< , for all { }\ 0u∈ . 
( )Δ s−  is the fractional Laplace operator defined as  

( ) ( ) ( ) ( ) ( )
2Δ , P.V. d , ,N

s N
N s

u x u y
u x C N s y x

x y +

−
− = ∈

−∫   

for ( )0
Nu C∞∈  , where ( ),C N s  is a suitable positive constant and P.V. de-

notes the Cauchy principal value. We note that since the fractional Laplace oper-
ator has nonlocal properties, it leads to more challenges compared with the clas-
sical Laplace operator from a mathematical point of view. We refer the interested 
reader to [1]-[3] for a preliminary introduction to the fractional Laplace operator 
and fractional Sobolev spaces. 

Our main driving force for the study of (1.1) arises in the study of the following 
time-dependent fractional Schrödinger equation:  

( ) ( ) ( )

( ) 2

Δ , , ,

, d , for all ,N

s Ni g x t
t

x t x a t

ψ ψ ψ ψ

ψ

+

+

∂ = − − ∈ × ∂
 = ∈∫

 


         (1.2) 

where ( ) 2 2q pg t t t− −= + , *2 2sq p< < ≤  and i  stands for the imaginary unit. 
When searching for stationary waves of the form ( ) ( ), e i tx t u xλψ −= , where 
λ∈  is the chemical potential and ( ) : Nu x →   is a time-independent 
function in quantum mechanics, one is led to studying (1.1). 

Throughout the paper, we use the following notations:  
• ( )s NH   denotes the fractional Sobolev space equipped with the inner prod-

uct and norm  

( ) ( ) ( ) ( ) ( )
1

2 2 2, Δ Δ  d , , , for any , ;N

s s
s Nu v u v uv x u u u u v H = − ⋅ − + = ∈ 

 ∫   

• ( ) ( ){ }: is the radial functions N s N
rH u H u= ∈  ;  

• ( )p NL   (for 1 p≤ ≤ ∞ ) denotes the Lebesgue space with the norm  

( ) ( )
1

 d , esssup ;NN

p p
p x

u u x u u x
∞ ∈

= =∫ 
 

• ( ) ( ) ( )*2,2 2: : , 1,2, ,ss N N N

i

uD u L L i N
x

 ∂
= ∈ ∈ = ∂ 

    

( )
( ) ( )( ) ( ) ( )( )

,2 2 2, d d ,s N N N sD

u x u y v x v y
u v x y

x y +

− −
=

−∫∫ 
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( )
( ) ( )

( ),2 2

2 2
2

2
2  d d Δ  d ;s N N N

s

N sD

u x u y
u x y u x

x y +

−
= = −

−∫∫ ∫  
 

• C  denotes a positive constant and may vary in different places.  
The classification of Equation (1.1) into 2L -subcritical and 2L -supercritical 

cases is essential for understanding its behavior. This classification is determined  

by the 2L -critical exponent 4: 2 sq
N

= + , which arises from the Gagliardo-Niren-

berg inequality [4]:  

( ) ( ),2
1
2, , ,q q

s Nq D
u C N q s u uγ γ−≤


                  (1.3) 

where 0 1s< < , *2 2sq< < , 1 1
2q N

s qs
γ

 
= − 

 
, ( ), ,C N q s  is a constant,  

( )s Nu H∈  . In recent years, the study of normalized solutions has become a re-
search hot spot, such as in the whole space N . Normalized solutions of the fol-
lowing Schrödinger equation  

( )Δ , ,Nu g u u xλ− − = ∈                     (1.4) 

were studied firstly in [5]-[7] considered normalized solutions of scalar equations, 
and [8] [9] considered normalized solutions of equations or systems in bounded 
domains. When 1s = , some authors have considered Problem (1.2) for the gen-
eral case *2 2sq p< < ≤ . Readers interested in this type of equation can read [10]-
[12] and their references. However, there is little literature concerned about the 
fractional equation combined with general nonlinearities. To fill this blank, this 
paper will try to investigate this kind of problem. 

The energy functional associated with (1.1) and the constraint are given by  

( ) ( ) ( )
2

2
1 1Δ d d d ,
2 N N N

s q
qI u u x u x G u x

q
= − − −∫ ∫ ∫  

        (1.5) 

and  

( ){ }2, : d .N
s N

aS u H u x a= ∈ =∫                 (1.6) 

It is standard to check that 1
qI C∈  and a critical point of qI  constrained to 

aS  gives rise to a solution to (1.1), satisfying (1.6). Such a solution is usually called 
a normalized solution of (1.1). In this method, the parameter λ∈  arises as a 
Lagrange multiplier, which depends on the solution and is not given in advance. 

We define a ground state of Equation (1.1) on aS  as a solution that possesses 
the lowest energy among all solutions within aS . For example, if u  is a ground 
state of Equation (1.1) on aS , we can get that  

( ) ( ) ( ){ }inf : 0, .
a

q q q aS
I u I v dI v v S= = ∈  

Since the functional qI  is unbounded from below on aS , consequently, we 
introduce the manifold:  

( ) ( ){ }: 0 ,q a qa u S P u= ∈ =  

where  
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( ) ( ) ( )
2

2Δ d d d ,
2N N N

s q
q q

NP u s u x s u x G u xγ= − − −∫ ∫ ∫ 

  
 

It is a well-known fact that any critical point of 
a

q S
I  is an element of ( )q a ,  

which follows from the Pohožaev identity. Furthermore, we consider the mini-
mizing problem:  

( )
( )

( )inf .
q

q qu a
c a I u

∈
=


 

Now, let us present the main result of this paper.  

Theorem 1.1. Assume that 2N ≥ , 1 1
2

s< < , *42 2s
s q

N
+ < <  and ( )1G -

( )4G  hold. Then for any 0a >  and 0β >  satisfying ( )
2

*2 , , 1
s

N
s C N q s aβ < ,  

Equation (1.1) has a ground state solution ( ) ( ), s N
a a ru Hλ +∈ ×

    at positive 
energy level. Moreover, au  is positive and radially non-increasing and 0aλ > .  

The structure of the paper is outlined as follows: Section 2 presents the neces-
sary preliminaries. In the third section, some existing conclusions as well as the 
proof of Theorem 1.1 are presented.  

2. Preliminaries 

We denote by   the optimal Sobolev embedding constant (see [13]), i.e.,  

( ) ( )* ,2
2 2
2 , for any , 2 .s N

s

s N
Du u u H N s≤ ∈ >           (2.1) 

Firstly, we consider the boundedness of ( )G u .  

Lemma 2.1. Assume that 2N s> , 0 1s< < , 0a > , *42 2s
s q

N
+ < <  and  

( )1G - ( )4G  hold. Then for any 0τ ′ > , there exists 0Cτ ′ >  such that  

( )
42 , for .

s
NG Cττ τ τ τ+

′≥ > ′  

Proof We split the proof into three claims. 
Claim 1. ( ) 0G τ >  for any 0τ ≠ . 
By ( )1G - ( )3G , the even function  

( )

( ) ( )
42

2
, 0,

:
2 , 0.

2

s
N

g G

H
s

N s

τ τ τ
τ

ττ

β τ

+

−
≠

= 


= +

 

is continuous and increasing on [ )0,∞ . Hence, it is clear that  

( ) ( ) ( )2 , on 0, .g Gτ τ τ≥ ∞                   (2.2) 

Noting that H  is an even function by ( )1G , then by (2.2) and ( )4G , we have 
( ) 0G τ >  for any 0τ ≠ . 
Claim 2. ( ) ( )2g Gτ τ τ≠  for any 0τ ≠ . 
Let us assume, by contradiction, that ( ) ( )0 0 02g Gτ τ τ=  for some 0τ . But 

since H  is increasing, it is clear that ( ) ( )2g Gτ τ τ=  on ( )00,τ . By Claim 1, 
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we derive  

( ) ( )2
0, on 0, , for some .G C Cτ τ τ += ∈             (2.3) 

However, by ( )2G , we can deduce that there exists a 1τ  such that  

( ) ( ) ( )
42

11 , on 0, ,
s

NG τ β τ τ+< +  

which contradicts (2.3). Hence, we obtain Claim 2. 
Claim 3. For any 0τ ′ > , there exists 0Cτ ′ >  such that  

( )
42 , for .

s
NG Cττ τ τ τ+

′≥ > ′  

By (2.2) and Claim 2, it is clear that ( ) ( )2g Gτ τ τ>  on ( )0,∞ . By (G3), we 
obtain  

( ) ( ) ( ) ( )
4 42 2

2 2
, for any .s s

N N

g G g Gτ τ τ τ τ τ
τ τ

τ τ+ +

′ ′ ′− −
′≥ >

′
         (2.4) 

By (G4) and (2.4), we have  

( ) ( ) ( ) ( ) 42*
42

2
2 2 , for any .

s
Ns s

N

g G
G

τ τ τ
τ τ τ τ

τ

+

+

′ ′ ′−
′− > >

′
 

Hence,  

( )
42 , for ,

s
NG Cττ τ τ τ+

′ ′≥ >  

where ( ) ( )

( )
42*

2
0.

2 2
s

Ns

g G
Cτ

τ τ τ

τ
′

+

′ ′ ′−
= >

′−
 This completes the proof.               □ 

For convenience, we put  

( ) ( )2, , for any .
N

Nu t t u tx x= ∈               (2.5) 

Next, we discuss the limits of ( ) ( )2

2

Δ ,
s

u t−   and ( )( ),qI u t .  

Lemma 2.2. Assume that 2N s> , 0 1s< < , 0a > , *42 2s
s q

N
+ < <  and  

( )1G - ( )4G  hold. Then for any fixed au S∈  we have:  

1) ( ) ( )2

2

Δ , 0
s

u t− → , and ( )( ), 0qI u t →  as 0t +→ ;  

2) ( ) ( )2

2

Δ ,
s

u t− → +∞ , and ( )( ),qI u t →−∞  as t →+∞ .  

Proof After performing a straightforward calculation, it can be shown that the 
following relations hold:  

( ) ( ) ( )
2 2

22 2Δ , d Δ d ,N N

s s
su t x t u x− = −∫ ∫ 

  

( ) 2
, d ,N u t x a=∫                       (2.6) 

( ), d d , for any 2.q
N N

q qsqu t x t u x qγ= ≥∫ ∫ 
  
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From (2.6), fixing 2q > , we have  

( ) ( ) ( )2

2

Δ , 0 , , 0, as 0 ,
s

q
u t u t t+ +− → → →   

and  

( ) ( ) ( )2

2

Δ , , , , as .
s

q
u t u t t− → +∞ →∞ → +∞   

Employing the condition ( )2G , we can choose a suitable constant 0Cδ >  for 
any given 0δ > , such that  

( ) ( )
*2 , for any .sqG u u C u uδδ β≤ + + ∈            (2.7) 

By utilizing Claim 1 of Lemma 2.1 and inequality (2.7), we can deduce the fol-
lowing inequalities:  

( ) ( )( )

( ) ( )
**

*

22
2

2
22

2222
2

2

Δ ,
2

1Δ ,
2

sq s

s

s s

q

s s q qsq ss
q q

t u I u t

t u t u t u C t u
q

γ
δδ β

− ≥

≥ − − − + −



  (2.8) 

and  

( )( ) ( )
22

2
1, Δ d d .

2
q

N N

s s qsq
q

tI u t u x t u x
q

γ≤ − −∫ ∫ 
          (2.9) 

Consequently, by 42 sq
N

> + , we can infer  

( )( ), 0 as 0 ,qI u t t +→ →  

and  

( )( ), as .qI u t t→ −∞ → +∞  

This completes the proof.                                          □ 

Lemma 2.3. Assume that 2N s> , 0 1s< < , 0a > , *42 2s
s q

N
+ < < ,  

( )
2

*2 , , 1
s

N
s C N q s aβ <  and ( )1G - ( )4G  hold. Then for any au S∈ , there exists  

a unique 0ut >  such that ( ) ( ), u qu t a∈  . Moreover,  
( )( ) ( )( ), ,q u qI u t I u t>  , for any 0t >  with ut t≠ .  

Proof Let au S∈ , and ( ) ( )2,
N

u t t u tx= . Then  

( )( ) ( ) ( )( )
22

2
1, Δ d d , d ,

2
q

N N N

s s qsq
q

tI u t u x t u x G u t x
q

γ= − − −∫ ∫ ∫  
    (2.10) 

( )( ) ( ) ( )( )

( ) ( )

2
2 2

2
2 42 22 2

422
2

, Δ d d , d
2

Δ d .
2

q
N N N

q
N

s qsqs
q q

N

ss s q qs Nq sq
N N

NP u t st u x s t u x G u t x

G t u
Nt s u s t u u x

t u

γ

γ

γ

γ − +

+

= − − −

 
  
   
  = − − −

 
 
 
 

∫ ∫ ∫

∫





 
  



 (2.11) 
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It is evident that ( )( ),qI u t  is of class 1C  and satisfies:  

( )( ) ( )

( )( )

( )( )

2
12 1 2

1

d , Δ d d
d

, d
2

1 , .

q
N N

N

s qsqs
q q

q

I u t st u x s t u x
t

N t G u t x

P u t
t

γγ −−

−

= − −

−

=

∫ ∫

∫ 

 









    (2.12) 

By ( )4G  and (2.7)  

( )( ) ( )( )

( )( )
( ) ( ) ( ) ( )

**

**

,2 ,2

*

22* 2

2
2 22* 2

, d 2 , d
2

2 d d

2 , , .

N N

ss
N N

ss
s N s N

s

q ss
s

s
ssN

s D D

N G u t x s G u t x

s t u x C t u x

s C N q s a t u Ct u

δδ β

δ β

<

≤ + +

 
≤ + + 

 

∫ ∫

∫ ∫



 

 

 

 

 

It is evident that by choosing δ  to be sufficiently small, we can ensure that  

( ) ( )
2

*2 , , 1.
s

N
s C N q s a δ β+ <                   (2.13) 

Combining Equations (2.12) and (2.13), we can observe that  

( )( ) ( )d , 0
d qI u t t

t
>  for t  small enough. Therefore, there exists 0 0t >  such  

that ( )( )( ),qI u t t  increases for ( )00,t t∈ . Moreover, using (2.9), we have 
( )( )lim ,t qI u t→+∞ = −∞ . Thus, We can conclude that there exists 

1ut
+∈  

such that ( ) ( )
1

, u qu t a∈  . Now, let us suppose that there exists an alternative 

2ut  such that ( )2
, uu t belongs to ( )q a . This implies that  

( )( ) ( )( )1 2
, , 0q u q uP u t P u t= =  . By (2.11), we have:  

( ) ( )( )
2 1

1 2

2 1

2 2
42 2 2

4 42 2

2 2

d d .
2

q q
N N

N N

u u ss q s q q
Nq u u s s

N NN N

u u

G t u G t u
Ns t t u x u x

t u t u

γ γγ − − +

+ +

 
    
    
    − = −

 
 
 
 

∫ ∫
 

 
 

However, this contradicts condition ( )3G . Hence, we can conclude that 

1 2u ut t= . Moreover, we also have ( )( ) ( )( ), ,q u qI u t I u t>   for all 0t >  with 

ut t≠ . This completes the proof of Lemma 2.3.                           □ 

Lemma 2.4. Assume that 2N s> , 0 1s< < , 0a > , *42 2s
s q

N
+ < < , 

( )
2

*2 , , 1
s

N
s C N q s aβ <  and ( )1G - ( )4G  hold. Then the following statements 

hold:  

1) There exists a positive constant ρ  such that ( ) ( )
2

2

2

inf Δ
q

s

a u ρ− > .  

2) ( ) ( ) ( )inf 0
qq qac a I u= > .  

Proof (1) For any ( )qu a∈ , using ( )4G , (2.7), the Gagliardo-Nirenberg in-
equality (1.3) and the Sobolev inequality (2.1), we obtain:  
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( ) ( ) ( )

( )
( )

( ) ( )

( )
( )

( )

( ) ( ) ( ) ( )
**

2

2

2

1
*2 2

2

1

2 2

2

2 222
* 22 2

2 2

Δ d 2 d
2

, , Δ 2 d

, , Δ

2 , , Δ Δ .

N N

q q

N

q q

ss

s q
q

q qs

q s

q qs

q

s s s
N

s

Ns u s u x g u u G u x

s C N q s a u s G u x

s C N q s a u

s C N q s a u C u

γ γ

γ γ

δ

γ

γ

γ

δ β

−

−

−

− = + −

≤ − +

≤ −

 
 + + − + −
 
 

∫ ∫

∫

 





 

It is evident that by choosing δ  to be sufficiently small, we can ensure that  

( ) ( )
2

*2 , , 1.
s

N
s C N q s a δ β+ <  

Consequently, we can deduce that there exists 0ρ >  such that  

( ) ( )
2

2

2

inf Δ
q

s

a u ρ− > . 

(2) For any 0t >  and ( )qu a∈ , by the Gagliardo-Nirenberg inequality 
(1.3), (2.8) and Lemma 2.3, we have:  

( ) ( )( )

( ) ( )

( )

**

*

*

22
2222
2

2
22

222 1 2 3
2

,

1Δ
2

Δ ,
2

sq s

s

q s

q q

s s q qsq ss
q q

s s
sq ss

I u I u t

t u t u t u C t u
q

t u C t C t C t

γ
δ

γ

δ β

≥

 
≥ − − + + + 

 

≥ − − − −



 

where  

( )
( )

( )
1

2 21
2

, , Δ ,
q qq qs

qC C N q s a u
q

γ γγ −

= −  

( ) ( ) ( )
22

22
2

, , Δ ,
s s

NC C N q s a uδ β= + −  

( )
** 22

2 23
2

Δ .
ss s

C C uδ

−
= −  

It is evident that by choosing δ  to be sufficiently small, we can ensure that  

( ) ( )
2

2 , , 1,
s

NC N q s a δ β+ <  

so by selecting 

( )
1

2

2

Δ
s s

t

u

σ
=

−

 with 0σ >  small enough, we deduce  

( ) 0.qI u >  

This completes the proof.                                          □ 
Combining the above lemmas, we can draw a conclusion regarding the mono-
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tonicity of ( )qc a , which is stated as follows:  

Lemma 2.5. Assume that 2N s> , 0 1s< < , 0a > , *42 2s
s q

N
+ < < ,  

( )
2

*2 , , 1
s

N
s C N q s aβ <  and ( )1G - ( )4G  hold. Then the function ( )qa c a  is  

nonincreasing on ( )0,∞ . In particular, if ( )qc a  is achieved, then 
( ) ( )q qc a c a>   for any a a> .  
Proof For any 2 1 0a a> > , there exists a sequence { } ( )1n qu a⊂   such that  

( ) ( )1
1 .q n qI u c a
n

< +  

Let ( )2

1

: 1,a
a

ξ = ∈ ∞  and define  

( )
2 1

2: .
s N

s s
n nv x u xξ ξ

−
− 

=   
 

 

We have 2
2 2| |nv a= , ( ) ( )2 2

2 2

Δ Δ
s s

n nv u− = − , and 1| |q
n q n qv uγξ −= . 

For any { }\ 0u∈ , let us define  

( ) ( )
2

2: , for any 1.
N s N
s s

uB G u G uσ σ σ σ
− 

= − ≥ 
 

 

Clearly, ( )1 0uB = . By ( )4G , we get  

( )
2 2 21

2 2 22 0.
2

N s N s N s N
s s s s

u
N N sB G u g u u
s N

σ σ σ σ σ
− − −

−     −′ = − − <    
     

 

Then, we deduce that ( ) 0uB ξ < , which implies that  

( )( ) ( )
2

2, d , d .N N

N s N
s s

n n n nG u t x G u t xξ ξ
− 

<  
 

∫ ∫ 
          (2.14) 

Using Lemma 2.3, we can find 0nt >  such that ( ){ } ( )2,n n qv t a⊂  . By ap-
plying (2.10), (2.14) and Lemma 2.4, we obtain  

( ) ( )( )

( )( )

( )( ) ( )( )

( )( ) ( )( ) ( )

( )( ) ( ) ( )

2

2
2

1

,

1 1, d d

, , d

, , , d

1, ,

N N

N

N

q q n n

q qsq q sq q
q n n n n n n

n n n n

N s N
s s

q n n n n n n

q n n q n q

c a I v t

I u t t v x t u x
q q

G u t G v t x

I u t G u t G u t x

I u t I u c a
n

γ γ

ξ ξ
−

≤

= − +

 + − 
  

≤ + −  
   

< ≤ < +

∫ ∫

∫

∫

 









 

  



 

which implies ( ) ( )2 1q qc a c a≤  by taking the limit as n →∞ . 
Next, we assume that ( )qc a  is achieved, meaning that there exists ( )qu a∈    

such that ( ) ( )q qI u c a= . Let us consider a a′ > , and define ( )1,a
a

ξ
′

= ∈ ∞  
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and ( )
2 1

2:
s N

s sv x u xξ ξ
−

− 
=   

 
 

  . It can be observed that 2
2u a′= ,  

( ) ( )2 2

2 2

Δ Δ
s s

v u− = −  , and 1 q
q qv uγξ −=   . By Lemma 2.3, there exists 0 0t >   

such that ( ) ( )0, qv t a′∈  . 
Consequently, using (2.10), (2.14), and Lemma 2.4, we have  

( ) ( )( )

( )( )

( )( ) ( )( )

( )( ) ( )( ) ( )

( )( ) ( ) ( )

0

0 0 0

0 0

2
2

0 0 0

0

,

1 1, d d

, , d

, , , d

, ,

q q
N N

N

N

q q

q qsq sq
q

N s N
s s

q

q q q

c a I v t

I u t t v x t u x
q q

G u t G v t x

I H u t G u t G u t x

I u t I u c a

γ γ

ξ ξ
−

′ ≤

= − +

 + − 
  

≤ + −  
   

< ≤ =

∫ ∫

∫

∫



  

 

 

  

 

 









 

 



 

which shows that ( ) ( )q qc a c a′ < . This completes the proof.                □ 
The following lemma is crucial for proving the achievability of ( )c a .  

Lemma 2.6. Assume that 2N ≥ , 0 1s< < , 0a > , *42 2s
s q

N
+ < < , 

( )
2

*2 , , 1
s

N
s C N q s aβ <  and ( )1G - ( )4G  hold. Let { } ( )n qu a⊂   be the mini-

mizing sequence of ( )qc a , then { }nu  is bounded in ( )s NH  .  

Proof Let us assume, by contradiction, that ( )
2

2 2

2

:
s

s
n nt u= −∆ →∞ . Let 

1,n n
n

w u
t

 
=  

 
 , it can be observed that ( )

2

2

2

1
s

nw−∆ = , which implies that the  

sequence { }nw  is bounded in the Sobolev space ( )s NH  . Let  

( )1

2: limsup sup d .
N

nB yn y
v w x

→∞ ∈

 
=  

 
∫


 

Obviously, 0v ≥ . 
If 0v = , according to the Lions’ Lemma [14], we deduce that  

*d 0, 2 2 .N

p
n sw x p→ < <∫                 (2.15) 

Furthermore, by ( )2G , for any 0δ > , there exists 0Cδ >  such that  

( ) ( )
*2 , for any .sqG u C u u uδ β δ≤ + + ∈          (2.16) 

Using (2.16), it can be seen that  

( ) ( )
*2lim d lim d lim d .s

N N N

q
n n nn n n

G w x C w x w xδ β δ
→∞ →∞ →∞

≤ + +∫ ∫ ∫  
 

For small enough δ , we have  

( ) ( )( )lim d 0, lim , d 0, for any 0.N Nn nn n
G w x G w t x t

→∞ →∞
= = >∫ ∫ 

  

Since ( ),n n nw t u= , applying Lemma 2.3, for any 0t >  there holds  
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( ) ( ) ( ) ( )( ) ( )( )

( ) ( )( )

( )

22
2

2
2

1 , ,

Δ d , d
2

1 .
2

q

N N

q q n q n n q n

sqs s q
n n n

s

c a o I u I w t I w t

t tw w x G w t x
q

t o

γ

+ = = ≥

= − − −

= +

∫ ∫ 

 

  

This contradicts the fact that ( )qc a < +∞  by taking sufficiently large t . 
Therefore, we can conclude that 0v > . Then, up to a subsequence, there exists 

{ } N
nz ⊂   such that ( ) 0n nw z w⋅ + ≠  in ( )s NH  . Then, by (2.9) and 

Lemma 2.4, we have  

( ) ( ) ( ) ( )( )

( )

( ) ( )

2
2 2

2

22

0 1 ,

1 Δ d
2

1 1 d
2

, as .

q

N

q
N

q q n q n n

sqs qs n
n n n

qs qs
n n n n

n

c a o I u I w t

tt w w x
q

t t w x z x
q
t

γ

γ −

< + = =

≤ − −

 
= − + 

 
→ −∞ →∞

∫

∫







 

This contradiction implies nt  is bounded, which in turn implies that the se-
quence { }nu  is bounded in ( )s NH  .                                □ 

3. Existence Result and Proof of Theorem 1.1 

Lemma 3.1. Assume that 2N ≥ , 1 1
2

s< < , 0a > , *42 2s
s q

N
+ < < ,  

( )
2

*2 , , 1
s

N
s C N q s aβ <  and ( )1G - ( )4G  hold. Then ( )qc a  is attained by a pos-

itive and radially non-increasing function.  
Proof Let { } ( )n qu a⊂   be the minimizing sequence of ( )qc a , and by the as-

sumption ( )1G , we have { } ( )n qu a⊂   and ( ) ( )q n qI u c a→ . Let  
{ } { }*

n nv u=  be the Schwartz symmetrization rearrangement of { }nu . Then, 
from [15] [16], we have  

( ) ( )
2 2

2 2Δ d Δ d ,N N

s s

n nv x u x− ≤ −∫ ∫ 
 

d d ,N N

q q
n nv x u x=∫ ∫ 

 

( ) ( )d d .N Nn nG v x G u x=∫ ∫ 
 

We can see that { } ( ) ( ) ( ){ }, : :s N
n a r a r av S S H u S u x u x⊂ = ∩ = ∈ = . 

Moreover, ( ) ( ) 0q n q nP v P u≤ = . By Lemma 2.3, there exists 0nτ >  such that 
( )( ), 0q n nP v τ = . We also have  

( )( ) ( )

( )

( )( ) ( )

22
22

22
22

, Δ d d d
2

Δ d d d
2

, .

q

N N N

q

N N N

sq Ns s q Nn n
q n n n n n n n

sq Ns s q Nn n
n n n n n

q n n q n

I v v x v x G v x
q

u x u x G u x
q

I u I u

γ

γ

τ ττ τ τ

τ τ τ τ

τ

−

−

 
= − − −  

 

 
≤ − − −  

 

= ≤

∫ ∫ ∫

∫ ∫ ∫

  

  




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Therefore,  
( ){ } ( ) ( ) ( ) ( ) ( ) ( ){ },, : :s N

n n q r q r qv a a H u a u x u xτ ⊂ = ∩ = ∈ =     is a  
minimizing sequence of ( )qc a . By Lemma 2.6, it is evident that ( ){ },n nv τ  is 
bounded in ( )s N

rH  . Therefore, there exists ( )s N
ru H∈   such that 

( ),n nv uτ   in ( )s N
rH  , ( ),n nv uτ →  in ( )t NL   with ( )*2, 2st∈   

and ( ),n nv uτ → , i.e., in N . Consequently,  

( ) 22 d liminf , d ,N N n nn
u x H v x aτ

→∞
≤ =∫ ∫

 
             (3.1) 

( ) ( ) ( )
2 2

2 2Δ d liminf Δ , d .N N

s s

n nn
u x v xτ

→∞
− ≤ −∫ ∫ 

          (3.2) 

Moreover, since ( ){ } ( ), s N
n n rv Hτ ⊂  , by Strauss’ inequality [17]  

( ) ( ) ( ) ( ) ( )
1

1 121
2 2 2

2
2

, , Δ , a.e. on .
s Ns Ns

n n N n n n nv x C v v xτ τ τ
−−

≤ −     

This implies ( ), 0n nv τ →  as x →∞ . By ( )2G , one has  

( ) ( )
* *2 22 20

lim 0 and lim 0.
s su u

G u G u

u u u u→ →+∞
= =

+ +
 

Since ( ){ },n nv τ  is bounded in ( )s N
rH  , then, by the Sobolev inequality 

(2.1), we have  

( ) ( )
*2 2

, , d , for some positive .s
N n n n nv v x M Mτ τ+ ≤∫    

Then, according to [18], we have  

( )( ) ( ), d d ,N Nn nG v x G u xτ →∫ ∫ 
                 (3.3) 

( )( ) ( ) ( ), , d d .N Nn n n ng v v x g u u xτ τ →∫ ∫ 
              (3.4) 

Therefore, Combining (3.1)-(3.4), we obtain  

( )( ) ( )

( ) ( )

1, d d
2 4

2 d .
2

N N

N

qq
q n n

q

NI v u x g u u x
q s

N s G u x c a
s

γ
τ

 
→ − + 

 
+

− =

∫ ∫

∫

 




 

This implies that 0u ≡/  by Lemma 2.4, and ( ) 0qP u ≤  by (3.2). 
Set 2

02 :u a a= ≤ , by Lemma 2.3, there exists a unique ( ]0,1ut ∈  such that 
( ) ( )0, u qu t a∈  . We claim that  

( ) ( )( ) ( )
21, for 0 1.

2

s
u

q q u q u
tI u I u t P u t
s

−
− ≥ < ≤  

By direct calculation, we obtain  

( ) ( )( )

( )

( )

22

2

2

,

1 1
Δ d d

2

d d

q

N N

N N

q q u

sqs s qu u

N
N

u u

I u I u t

t t
u x u x

q

t G t u x G u x

γ

−

−

− −
= − +

 
+ −  

 

∫ ∫

∫ ∫



 

 
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( ) ( )

( ) ( )

2 2

2

1 1 1
d d

2 2

1
d ,

2

q

N N

N

sqs s
qu u u

q q

s
u

q

t t t
P u u x A u x

s q

t
P u A u x

γ

γ
 − − −

= + + +  
 

−
≥ +

∫ ∫

∫

 



     (3.5) 

where  

( ) ( ) ( ) ( ) ( )

( ) ( )

2 2

2

2 2
41 22 1

4 42 2

2

1 2 1
4 2

2
2

d 0
2u

s s N
u u N

u u

N N

s
s N

s st
NN N

N t s N t
A u g u u G u t G t u

s s

g t u u G t u
g u u G uN t u t

u
t u

−

+−

+ +

− + −  
= − +  

 
 

    −    −     = − ≥
 
 
  

∫
  (3.6) 

The last inequality sign can be justified by ( )3G . Consequently, combining 
(3.5) and (3.6), we obtain  

( ) ( )( ) ( )
21, for 0 1.

2

s
u

q q u q u
tI u I u t P u t
s

−
− ≥ < ≤            (3.7) 

Then  

( ) ( )( ) ( ) ( ) ( ) ( )

( ) ( )

( )

( )( ) ( )( )

( )( ) ( )( )

( ) ( )

2

0

0

1 1,
2 2

1 d d d
2 4

1lim , d
2

, d , d
4

1lim , ,
2

N N N

N

N N

s
u

q q u q q q q

qq

qq
n nn

n n n n

q n n q n nn

q q

t
c a I u t I u P u I u P u

s s
Nu x G u x G u x

q s

v x
q

N G v x G v x
s

I v P v
s

c a c a

γ

γ
τ

τ τ

τ τ

→∞

→∞

−
≤ ≤ − ≤ −

 
= − + − 
 

 
= − 

 

+ − 

 = − 
 

= ≤

∫ ∫ ∫

∫

∫ ∫









 

 

  



 

 

This shows ( ) ( )0q qc a c a=  and ( )0qc a  is attained. By Lemma 2.5, we obtain 
that 0a a= , 1ut = , and ( ) ( )q qI u c a= . Thus, we can deduce that 

( ),n nv uτ →  in ( )s NH   and u  belongs to ( )q a , achieving ( )qc a . This 
completes the proof.                                                □ 

Lemma 3.2. Assume that 2N ≥ , 1 1
2

s< < , 0a > , *42 2s
s q

N
+ < < , 

( )
2

*2 , , 1
s

N
s C N q s aβ < , and ( )1G - ( )4G  hold. If ( )qu a∈ , ( ) ( )q qI u c a= , 

then u  is a critical point of 
a

q S
I .  

Proof Suppose u  is not a critical point of 
a

q S
I , then there exist positive con-

stants δ  and θ  such that for any au S∈ , whenever 3u u δ− ≤ , it holds that 
( )qI u θ′ ≥ . 
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To begin with, we clarify that  

( )
1

lim , 0.
t

u t u
→

− =                     (3.8) 

By (3.5), one has  

( )( ) ( ) ( ) ( ) ( ), , , , for any 0,q q qI u t I u h u t c a h u t t= − = − >     (3.9) 

where  

( ) ( ) ( )

( ) ( )

2 2

2

2

1 1 1, d
4 2

2 1
d d .

2

q

N N

N N

s sqs
q

q

s N
N

N t t th u t g u u u x
s q

s N t
G u x t G t u x

s

γ

γ

−

−  − −
= + +  

 

+ −  
− +  

 

∫ ∫

∫ ∫

 

 

 

By (3.6), we know that ( ), 0h u t >  for ( ) ( )0,1 1,t∈ ∪ +∞  and  

( ) { }\ 0s Nu H∈  . By Lemma 2.3, there exists ( )1 0,1T ∈  and ( )2 1,T ∈ +∞  such 
that  

( )( ) ( )( )1 2, 0, , 0.q qP u T P u T> <                 (3.10) 

Applying Willem’s quantitative deformation Lemma [19]. Let  

( ) ( ) ( )1 2, ,
: , , : min , ,1, .

4 4 8a
h T u h T u

S B u S δθδ ε
 

= ∩ =  
 

 

Then there exists [ ]( )0,1 ,a aC S Sη∈ ×  such that  
(a) ( )1,u uη =  if ( ) ( ) 2q qI u c a ε< −  or ( ) ( ) 2q qI u c a ε> + ;  

(b) ( )( ) ( )1, q qc a c a
q qI S Iε εη + −∩ ⊂ ;  

(c) ( )( ) ( )1,q qI u I uη ≤  for any au S∈ . 
According to Lemma 2.3, ( )( ) ( ) ( ),q q qI u t I u c a≤ =  for 0t > , then it fol-

lows from (3.8) and (b) that  

( )( )( ) ( ) 11, , , for any 0, 1 .q qI u t c a t tη ε δ≤ − > − <         (3.11) 

By (c) and (3.9), one has  

( )( )( ) ( )( ) ( ) 2 11, , , , for any 0, 1 ,q q qI u t I u t c a t tη δ δ≤ ≤ − > − ≥    (3.12) 

where  

( ) ( ){ }2 1 1: min 1 , , 1 , 0.h u h uδ δ δ= − + >  

Combining (3.11) with (3.12), we have  

[ ]
( )( )( ) ( )

1 2,
max 1, , .q qt T T

I u t c aη
∈

<  

Next, we claim that ( )( ) ( )1, , qu t aη ∩ ≠∅   for some [ ]1 2,t T T∈ . 
Define ( ) ( )( )( ): 1, ,q qt P u tψ η=   for 0t > . It follows from (3.9) and (a) that 

( )( ) ( )1, , ,u t u tη =   for 1t T=  and 2t T= , which, together with (3.10), im-
plies  

( ) ( )( ) ( ) ( )( )1 1 2 2, 0, , 0.q q q qT P u T T P u Tψ ψ= > = <   
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Since ( )q tψ  is continuous on ( )0,∞ , then there exists [ ]0 1 2,t T T∈  such that 
( )0 0q tψ = . Hence, ( )( ) ( )01, , qu t aη ∩ ≠∅  , contradicting the definition of 
( )qc a . This completes the proof.                                      □ 
Proof of Theorem 1.1 It follows from Lemmas 3.1 and 3.2 that there exists 

( )a qu a∈  , such that  

( ) ( ) ( )and 0
a

q a q q aS
I u c a I u′= =   

By the Lagrange multiplier theorem, there exists a Lagrange multiplier aλ ∈   
such that ( ),a au λ  solves  

( ) ( ) 2Δ .s qu u g u u uλ −− + = +  

Then, we have  

( ) ( )
2

2
2Δ d d d d 0.N N N N

s q
a a a a a au x u x g u u x u xλ− + − − =∫ ∫ ∫ ∫

    

   
  (3.13) 

Using the fact that ( )a qu a∈  , we have  

( ) ( ) ( )
2

2Δ d d 2 d 0.
2N N N

s q
a q a a a a

Ns u x s u x g u u G u xγ− − − − =∫ ∫ ∫    

  
 (3.14) 

Combining (3.13) with (3.14), we obtain  

( ) ( )

( ) ( ) ( )

2

2
1 d d Δ d

1 21 d d d .
2

N N N

N N N

sq
a a a a a

q
q a a a a

g u u x u x u x
a

s N Nu x g u u x G u x
a s s

λ

γ

 
= + − −  

 
− = − + +  

∫ ∫ ∫

∫ ∫ ∫



   

   

  

  

 

By (G4), it implies 0aλ > . Thus ( ) ( ), s N
a a ru Hλ +∈ ×

    is a normalized 
ground state solution of Equation (1.1). We assert that 0au >  by the strong 
maximum principle. Furthermore, by Lemma 3.1, au  is radially non-increasing.  
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