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Abstract

This paper investigates the existence of normalized solutions to a fractional

Schrodinger equation with combined nonlinearities. In previous studies, the
- « 2N
equation —Au+Au =g (u)+|u|' *u . where N>32<g<2 =V has

been proven to have solutions through various constraints and methods. Fur-
thermore, we consider the existence of solutions for fractional equations. In the

I’ -supercritical cases, we employ the Sobolev subcritical approximation
method to establish the existence of normalized ground-state solutions.

Subject Areas
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1. Introduction

In this paper, we are concerned with the existence of normalized solutions to the
following Schrodinger equation with combined nonlinearities:
(-A) u+Au = g(u)+|u|q_2 u, inRY,

J.Rrv|u|2dx:a, MEH‘Y(RN)’ (1.1)

where %<s<1, N2>22, 1eR, 2+%<q<2:,: and g satisfies the

following conditions:
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(G1) geC(R,R) isan odd functionand G(u)= IO g(r)dr;
g

(122 =pe[0,0) and lim, gguj =0;
W s

(G2) limsup,_,,

G(u
2+£

ul” N

(G4) g(u)u<2,G(u), forall uecR\{0}.

(-A)" is the fractional Laplace operator defined as

~—

(G3) is increasing on (0,+oo),where G’(u):g(u)u—2G(u);

(—A)X u(x) = C(N,S)P-V-J‘RNLM@, xeR",
=31

for ueCy (RN ), where C(N,s) is a suitable positive constant and P.V. de-
notes the Cauchy principal value. We note that since the fractional Laplace oper-
ator has nonlocal properties, it leads to more challenges compared with the clas-
sical Laplace operator from a mathematical point of view. We refer the interested
reader to [1]-[3] for a preliminary introduction to the fractional Laplace operator
and fractional Sobolev spaces.

Our main driving force for the study of (1.1) arises in the study of the following

time-dependent fractional Schrédinger equation:

al// s N +
OV _ (LAY - . (n.f)eRY xR*,
i~ (-A)Y w-g(w|)v. (x.t)e 12

.[RN|1//(x,t)2dx:a, forallteR",

where g(1)=1"?+1"?, 2<g<p<2. and i stands for the imaginary unit.

When searching for stationary waves of the form (//(x,t)ze_mu(x) , where
AeR is the chemical potential and u(x):RN — C is a time-independent
function in quantum mechanics, one is led to studying (1.1).

Throughout the paper, we use the following notations:

H* (RN ) denotes the fractional Sobolev space equipped with the inner prod-
uct and norm

1

(u,v)=JRN [(—A);u'(—A);v+uvjdx, ||u||=(u,u)2 , forany u,ve H* (]RN);

H® (RN ) = {u eH* (RN ) :u is the radial function} ;

o« I? (RN) (for 1< p <) denotes the Lebesgue space with the norm
1
|u|P = (J.]RN |u|p dx)" , |u|w =esssup__, |u(x)|,

. D‘“Z(RN)::{ueLZ:(RN):S—ueLZ(RN),i:1,2,--~,N}
X,

i

(1)) = oo ()Nl =)y,

N+2s
x|
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2 s 2
b~ ]

o C denotes a positive constant and may vary in different places.
The classification of Equation (1.1) into [* -subcritical and 7 -supercritical
cases is essential for understanding its behavior. This classification is determined

by the I’ -critical exponent g :=2 +4—]\f, which arises from the Gagliardo-Niren-
berg inequality [4]:

|u| <C(N, q,s)|u|1 Ta ||u|| (1.3)

Ds2 ’V)

. 1 1
where 0<s<1, 2<g<2;, y":N(2___J’ C(N,q,s) isa constant,
s gs

ueH® (RN ) . In recent years, the study of normalized solutions has become a re-
search hot spot, such as in the whole space R" . Normalized solutions of the fol-

lowing Schrédinger equation
—Au—g(u)z/tu, xeR"Y, (1.4)

were studied firstly in [5]-[7] considered normalized solutions of scalar equations,
and [8] [9] considered normalized solutions of equations or systems in bounded
domains. When s =1, some authors have considered Problem (1.2) for the gen-
eral case 2 < g < p<2..Readers interested in this type of equation can read [10]-
[12] and their references. However, there is little literature concerned about the
fractional equation combined with general nonlinearities. To fill this blank, this
paper will try to investigate this kind of problem.

The energy functional associated with (1.1) and the constraint are given by

1, (u) :% [yl ar=L] ffae-], G(u)ax, (1.5)
and
S, :{ueHs (RN,C):J.RJ\,|u|2dx=a}. (1.6)

It is standard to check that /, € C " and a critical point of I, constrained to
S, givesrise to a solution to (1.1), satisfying (1.6). Such a solution is usually called
a normalized solution of (1.1). In this method, the parameter 1€ R arises as a
Lagrange multiplier, which depends on the solution and is not given in advance.

We define a ground state of Equation (1.1) on S, as a solution that possesses
the lowest energy among all solutions within S, . For example, if » isa ground
state of Equation (1.1) on S, we can get that

1, () :inf{lq (v):d1,|, (v)=0ves, .

Since the functional [, is unbounded from below on S, , consequently, we

introduce the manifold:
Pq(a):{ueSa :Pq(u):0},

where
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P, ()= 5[, [(-0):

It is a well-known fact that any critical point of 7/ ‘1|s is an element of 7, (),

2
N -
dx —s;/qJ.RN |u|q dx 5 Jay G(u)dx,

which follows from the Pohozaev identity. Furthermore, we consider the mini-

mizing problem:
cq(a): inf 1 (u)

uePy(a)
Now, let us present the main result of this paper.

Theorem 1.1. Assume that N>2, %<s <1, 2+%< g<2, and (Gl) -
(G4) hold. Then for any a>0 and B>0 satistying ZZC(N,(i,s)ﬂa% <1,
Equation (1.1) has a ground state solution (ﬁa,/ia) eH’ (RN )><1R+ at positive
energy level. Moreover, i, 1is positive and radially non-increasing and 1, >0.

The structure of the paper is outlined as follows: Section 2 presents the neces-
sary preliminaries. In the third section, some existing conclusions as well as the

proof of Theorem 1.1 are presented.

2. Preliminaries
We denote by S the optimal Sobolev embedding constant (see [13]), Ze,

S|u ;Z(RN), forany u e H* (RN), N > 2s. (2.1)

s <l
Firstly, we consider the boundedness of G (u).
Lemma 2.1. Assume that N>2s, 0<s<1, a>0, 2+4—]\j<q<2: and
(G1) -(G4) hold. Then for any t'>0, there exists C, >0 such that
G(r)=C. |r|2+% , fort>7'.

Proof We split the proof into three claims.
Claim 1. G(z)>0 forany 7#0.
By (G1) -(G3), the even function

g(r)r —2G(z’)

& , 7#0,
H(z):= |T| v
2s
=0.
N +2s P ‘

is continuous and increasing on [0,%0) . Hence, it is clear that
g(7)r>2G(r), on(0,). (2.2)

Noting that A isanevenfunctionby (G1),thenby(2.2)and (G4),we have
G(7)>0 forany 7#0.

Claim 2. g(7)r#2G(7) forany 7#0.

Let us assume, by contradiction, that g(z,)z, =2G(z,) for some 7,. But
since H is increasing, it is clear that g(z)z=2G(7r) on (0,7,). By Claim 1,
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we derive
G(r)=Cr?, on(0,7,), for some C e R". (2.3)
However, by (G2), we can deduce that there existsa 7, such that

G(r)<(B+1 |r| , on(0,7,),

which contradicts (2.3). Hence, we obtain Claim 2.

Claim 3. For any 7'>0, there exists C, >0 such that
4s
G(r)=C. |r|2+W , forr>1'.

By (2.2) and Claim 2, it is clear that g(z)z>2G(7) on (0,0). By (G3), we
obtain

g(r)r— ZG(T)2 g(z")r'-2G(7')

2+—

, forany 7 >7". (2.4)

4s
12+—
ol [

By (G4) and (2.4), we have

(Zz —2)G(r)>w|r| , forany 7 >7'.

i
Hence,
G(r)=C. |r| , for > 1/,
where C, = M > 0. This completes the proof. o
(20 -2)] "~
For convenience, we put
N
H(u,t)=1>u(rx), forany x e R". (2.5)

()2 H (w1)

Next, we discuss the limits of and 7, (H(u,t)) .

2

Lemma 2.2. Assume that N>2s, 0<s<l, a>0, 2+ﬁ<q<22 and
(G1) -(G4) hold. Then for any fixed ueS, we have.
1) ‘(—A);H(u,t)‘ —0,and 1q(7-[(u,t))—>0 as t—0%;
2

(~A)2 H (1)

2)

— +00, and Iq(H(u,t))—)—oo as 1 —> 4.
2

Proof After performing a straightforward calculation, it can be shown that the
following relations hold:

Jor

2

dx,

s

(—A)5 u

() H ()| v =

]RN
IRN |H(u,t)|2 dx=a, (2.6)

Jos

H(u,t)'

W"I o|u[’ dx, forany g >2.
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From (2.6), fixing ¢>2, we have

(—A)%H(u,t) -0, -0, ast—> 0",
2

H(wt),

and

‘(—A);H(u,t) — 40, |H(u,t)|q —> 00, ast —> +oo,
2

Employing the condition (G2), we can choose a suitable constant C; >0 for
any given o >0, such that
G(u)< 5+/3)|u| +Cy |u| for any u € R. (2.7)

By utilizing Claim 1 of Lemma 2.1 and inequality (2.7), we can deduce the fol-

lowing inequalities:

5 (_A)‘auz >1,(H(ut))
N . (2.8)
> Ay u — L fuff — (54 B) P fuf — €
2 5 q
and
2s s 2 1
1,(H (u,t)) <[ |(-A)u dx—gt% [l dx. (2.9)
Consequently, by ¢ >2 +4—Af , we can infer
I, (H(u,t)) —0 ast— 0",
and
1, (H(u,t)) — —0 ast —> 4o,
This completes the proof. o

4 .
Lemma 2.3. Assume that N >2s, 0<s<1, a>0, 2+Ws<q<2s’

25
2,C(N.g,s)pa” <1 and (G1)-(G4) hold. Then for any ueS,, there exists
a unique t,>0 such that H(u,t,)e P, (a). Moreover,
I,(H(u.t,))>1,(H(u.t)), for any (>0 with t=1,.

Proof Let ueS,,and H(u,t)=1?u(tx). Then

2s s 2
1, (M) =2 [ |(-A) dx—;W"I uf de= [, G(H(ut))dv, (2.10)
o2
B (M) =t [ [(-8)uf s [l ar= [ G(3(r))an
(¥
e G[tqu “ (2.11)
] T I e e LA
2 N N
t2u
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Itis evident that 7, (H(u,t)) isof class C' and satisfies:

d K
dt[ (H( ))=sl‘zsI ( A)Zu dx—sy,t 4" J.N|u|qu

N ¢ =
- jRNG(H(u,t))dx (2.12)

:%pq(H(u,t)).
By (G4) and (2.7)
L G () v <235 G (M) s

2

de)

<2s((5+ﬂ O] dr G [ Ju

S2ZS[C(N,(7,S) ¥ (5+) £ lul.- +Ct“

e |

It is evident that by choosing ¢ to be sufficiently small, we can ensure that

2s

2.C(N,g,s)a” (5+p)<L. (2.13)
Combining Equations (2.12) and (2.13), we can observe that

4, ,(H(u,t))(t)>0 for ¢ small enough. Therefore, there exists #, >0 such

dr

that 7 ( (u, t))( ) increases for 7e(0,t,). Moreover, using (2.9), we have
lim, ., I, (H(u,t))=—c0 . Thus, We can conclude that there exists 7, € R*
such that H(u t, ) Pq Now, let us suppose that there exists an alternatlve
t, such that H u, " )belongs to P, (a). This implies that

P( u,t, ) (H ut,, ) 0. By (2.11), we have:

q

Uy

(YY) (X
v G[tui u] G(tuf uJ "
¥4 ( gl F(W"’z))IRN juf == [ A uf N dx.

12u t2u
2 1

However, this contradicts condition (G3). Hence, we can conclude that
t, =1,, - Moreover, we also have I, (H(u.t,))>1,(H(u.t)) forall >0 with
t #t,. This completes the proof of Lemma 2.3. o

4 *
Lemma 2.4. Assume that N>2s , 0<s<l, a>0, 2+Ws<q<25 ,

2s

2/C(N,g,s)Ba” <1 and (Gl) -(G4) hold. Then the following statements
hold:

s |2

1) There exists a positive constant p such that inf, ‘(—A)z u >p.

2
2) c, (a) mfp 2 (@) I (u) >0.
Proof (1) For any u e, (a), using (G4), (2.7), the Gagliardo-Nirenberg in-
equality (1.3) and the Sobolev inequality (2.1), we obtain:
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2

s N
s (—A)z u :s;/qJ‘JRN |u|qu+?J'RN g(u)u—2G(u)dx
2

"(1’711)

Ss;/qC(N,q,s)a 2

+2:SLRN G(u)dx

—

a(1-7

Ssqu(N,q,s)a 2

2 2 TR
+CsS 2 |(-A)2u| |

2

+zi;{c(zv,q,s)a§5 (5+ ﬁ)‘(_A)Z "

2

It is evident that by choosing ¢ to be sufficiently small, we can ensure that

2s

2.C(N,g,s)a" (6+p)<l.

Consequently, we can deduce that there exists o >0 such that

2
A(a) (-A)2u| >p.

2
(2) For any t>0 and ue?,(a), by the Gagliardo-Nirenberg inequality
(1.3), (2.8) and Lemma 2.3, we have:
1 ()21, ()
%
u|2jj

2s s

5 (-A)2u

2

>t

u|€ +Cyt™
q

—(lf‘”" ! +(5+ B)e*

2 q 1

t2s s 2

>—|(-A)2u
2 2

5q7, 2s 2us
-Gt =Cyt” -Gy,

where
14 q(l_yll) s |74
C,=*LC(N,gq,s)a * |(-A)2u|
q 2

w5 P
C2:(5+,B)C(N,q_,s)aN (—A)Eu ,
2

2 s P

C,=CyS 2 |(-A)u

2

It is evident that by choosing J to be sufficiently small, we can ensure that

2s

2C(N.g,s)a" (5+p)<],

so by selecting = with o >0 small enough, we deduce

s

‘(—A); u

2
Iq(u)>0.

This completes the proof. o

Combining the above lemmas, we can draw a conclusion regarding the mono-
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tonicity of ¢, (a), which is stated as follows:

Lemma 2.5. Assume that N >2s, 0<s<l, a>0, 2+4—]5<q<2z,

2s

2’;C(N,c7,s),/3aW <1 and (G1)-(G4) hold. Then the function aw>c,(a) is

nonincreasing on (0,0) . In particular, if c,(a) is achieved, then
¢,(a)>c, (a) forany a>a.

Proof For any a, >a, >0, there exists a sequence {u,}c7P,(a,) such that

1
Iq(un)<cq(al)+;.

Let &= &e(l,oo) and define
a

v, (x)= §2S2*SNMH (é‘;xJ

We have |v, }=a,, ,and

(—A)% v, u

- ‘(_A)Z u,

For any u e R\{0}, let us define

1-

wlg-

2 2

&
o
Il

N 2s-N
: G(u)—o”G[O' 25 uj, for any o > 1.

E% 25s-N _ 25—-N 25s-N
B;(o-)z—ﬁo-s {G[a 2 uj—N 2Sg[0' 28 uja 28 u}<0.

Then, we deduce that B, (£) <0, which implies that

G (H(uy.1,))dx <& RNG(f B H(un,tn)]dx. (2.14)

Using Lemma 2.3, we can find 7, >0 such that {H(vn,tn )} c P, (a,). By ap-
plying (2.10), (2.14) and Lemma 2.4, we obtain

c,(a)<1, (H(vn,tn ))
=1,(H(u,.t, ))—étj‘”quN

+LRV [G(H(un,t"))—G(H(vn,t"))]dx
<1, (H(un,tn ))+J.]RN {G(’H(un,tn ))_ffG[é‘:Z;‘NH(un,tn )de

dx

V}’l

un

aen Lo |
q R

<, (H(un,tn))ﬁlq (u,)<c, (al)+l,

n

which implies ¢, (a,)<c,(a,) by taking the limitas n—oo.

Next, we assume that ¢, (a) isachieved, meaning that there exists i e 7, ()

such that [ (it)=c,(a). Let us consider a'>a, and define E= 4 e (1,)
a
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2s—N 1
and V(x)=¢ ﬁ{f SxJ . It can be observed that |ﬁ|§ =a’,

(-A %f/ , and |v| T |ﬁ|q By Lemma 2.3, there exists #, >0

such that H(v,to) € Pq (a').
Consequently, using (2.10), (2.14), and Lemma 2.4, we have

¢, (a') <1, (H(ﬁ,to))

=@<H(ﬂ’fo)>—iré”qj e o

+ [ [6(1(00)) =G (1 (5.0)) Jax
Slq(H<ﬁ,fo>)+IR~{G(Hw,ro» :XG(JZNH@ : )ﬂ
<1,(H(it))<1,(it)=c,(a),

which shows that ¢, (a') <c, (). This completes the proof. m
The following lemma is crucial for proving the achievability of ca).
Lemma 2.6. Assume that N>2, 0<s<l, a>0, 2+4—]5<q<2z ,
2s
ZZC(N,ﬁ,s),BaN <1 and (Gl) -(G4) hold. Let {un} c 73‘1 (a) be the mini-
mizing sequence of ¢, (a), then {u,} is boundedin H’ (RN )

2

]
Proof Let us assume, by contradiction, that ' := ‘(—A)z u,| —>oo. Let

2
2

=1, which implies that the
2

s

w, = H[un,l] , it can be observed that |(—A)2 w,

n

sequence {w,} isbounded in the Sobolev space H* (RN ) Let

vi= hmsup( sup I |2 de.

n—0 yeR

Obviously, v=0.

If v=0, according to the Lions’ Lemma [14], we deduce that

[l (2.15)
Furthermore, by (G2), forany 6 >0, there exists C, >0 such that
G(u)S(C5+ﬁ)|u|q+5|u|2:, for any u € R. (2.16)

Using (2.16), it can be seen that

lim [, G(w,)dr <(C,;+p)lim [, |w, [ dx+&lim [, |w “ dr.
For small enough &, we have
hmj G(w,)dx=0, l1rn.[ G ))dx=0, for any ¢ > 0.

n—»o

Since 'H(w,.t,)=u,,applying Lemma 2.3, for any ¢>0 there holds

no
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e, (@)+o()=1,(u,)=1,(H(w,t,))2 1, (H(w,.1))

2 Sq7q
_f: [l | dx=] . G(H(w,.0))dx

This contradicts the fact that ¢, (a) <+ by taking sufficiently large ¢.
Therefore, we can conclude that v > 0. Then, up to a subsequence, there exists
{zn} cR" such that w, (+z,)—=w=0 in H’ (RN) . Then, by (2.9) and

Lemma 2.4, we have
0< ¢, (a)+o(l) =1, (un)zlq ('H(wn,tn))

1 2s 5 ’ tSq;/‘I q
Sztn (-A)2w, 2 - y -[]RN w,| dx
=t [% _ét:(quz)IRN w,(x+z, )|q dxj

—> —00, ast, —> 0.

This contradiction implies ¢, is bounded, which in turn implies that the se-
quence {u,} is bounded in H* (RN). o

3. Existence Result and Proof of Theorem 1.1

1 4 .
Lemma 3.1. Assume that N >2, E<S<1’ a>0, 2+Ws<q<2s’

2s

2,C(N.g.s)Ba” <1 and (G1)-(G4) hold. Then c,(a) isattained by a pos-
itive and radially non-increasing function.

Proof Let {u,}c P, (a) bethe minimizing sequenceof c, (a),and by theas-
sumption (G1), we have {|u,|}=P,(a) and I, (ju,[)—>c,(a). Let

)=

from [15] [16], we have

} . Then,

u

n

} be the Schwartz symmetrization rearrangement of {un

2

s 2 s
[al(=a)2v,| de<[ |(=A)2]u,| dx,
_.-RN andx: Ry unqu’

I]RN G(vn )dx = .[RN G( u, )dx.

We can see that {v,

feS,, =S,NH: (RN):{u es, u(x):u(|x|)}
Moreover, P, (v,)<P,(|u,|)=0.By Lemma 2.3, there exists 7, >0 such that
P,(H(v,7,))=0. Wealso have

q

IA

un

2s

1,(H(v,7,)) =" [

(-a),

’ 7, q N Z
dx — "q [oalvl" de—z, IRNG(Tnzvnjdx

jdx
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Therefore,

{H(v,.7,)} =P, (a)=P,(a)"H; (RN) = {u e P, (a):u(x) =u(|x|)} isa
minimizing sequence of ¢, (a).By Lemma 2.6, it is evident that {H(vn,rn } is
bounded in H: (RN ) . Therefore, there exists wueH) (RN ) such that
H(v,.7,)=u in H(RY), H(v,.7,)>u in L(RY) with re(2,2))

and H(v,,7,)>u,ie,in R" . Consequently,

[y [l dx <timinf |, “dr=a, (3.1)

n—ow

H(v,.7,)

2

s 2 s
[onl(=A)2u dr <liminf [orl(=8)2 H(v,.7,)| dx. (3.2)

Moreover, since {H(vﬂ,z’n )} cH; (RN ) , by Strauss’ inequality [17]
1

Z 1-N N
|x| 2 ae.onR".
2

s

(-8 H(v,.7,)

2s

|H(vn,rn)(x)|SCN |H(vn,r,,)2

This implies H(v,,7,) >0 as |x|—>o.By (G2), one has

m G(u) =0 and lim M:O.
‘u‘~>0 u2 + uzx ‘u‘~>+oo u2 + MZS

Since {H(v,.7,)} is bounded in H; (RN ) , then, by the Sobolev inequality
(2.1), we have

j]RN |H (V”’T” )
Then, according to [18], we have

[ G(H(v,.7,))dv = [ G (u)d, (3.3)

g |H(vn,rn ) i< M, for some positive M.

LRNg(H(Vn’Tn))H(VMn)dx—>IRNg(u)udx. (3.4)
Therefore, Combining (3.1)-(3.4), we obtain
Ve 1 N
Iq (H (vn 5Ty )) - (7‘1 - ;j J-]RN |u|q dx + aJ.RN g (M) udx

N+2s
2
This implies that «#0 by Lemma2.4,and P, (u)<0 by (3.2).
Set |u|§ '=a,<a, by Lemma 2.3, there exists a unique ¢, €(0,1] such that
H(u,t,) € P,(a,). We claim that

I, (u)-1, ('H(u,tu )) >
By direct calculation, we obtain

Iq (u)_[q (H(u’tu ))
1-¢
= 2 J.RN

N
+t;NjRN G(rfu}dx—jw G (u)dx

o G(u)dx =c, (a).

1-¢
P (u) for0<z,<1.

2s

s 2 tsq;/q -1
(~A)2u| de+=——] Jul" dx
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-
D) Py (1) + [ A(u)dv,
where
N(1-= 25+ N(1-1 3
A(u)= (4 - )g u)u— i 2( - )G(”)”uNG[tuz”j
s s
_ [ | (3.6)
g tquu—ZG[tzu] 3.6
_JAIEtZS_l |2+ﬁ g(u)u_iG(u) = dt>0
[} |u|2+W N 2+W’
t2u

The last inequality sign can be justified by (G3). Consequently, combining
(3.5) and (3.6), we obtain

1,(u)—1,(H(ut,))2—"P, (u) for0<z,<I. (3.7)

= lim (zq (H(v,.7,))-=P,(H(v,.z, ))j

n—w 2s
=c,(a)=<¢,(a)

This shows ¢, (a,)=c,(a) and c,(a,) isattained. By Lemma 2.5, we obtain
that a,=a , t,=1, and [ (u)=c,(a) . Thus, we can deduce that
H(v,,7,)—>u in H’ (RN) and u belongsto P (a),achieving ¢, (a).This
completes the proof. o

Lemma 3.2. Assume that N>2 , %<s<l , a>0, 2+%<q<2z ,

2s
2.C(N.g.s)Ba” <1, and (G,) -(G,) hold. If weP,(a), I,(it)=c,(a),

then u isa critical point of 1,

S(I

Proof Suppose u isnota critical point of 7,

o then there exist positive con-

a

stants ¢ and @ such that forany ueS,, whenever |ju—ir| <36, it holds that
12w 0.
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To begin with, we clarify that
lim [M (,£) -] = 0. (3.8)

t—1

By (3.5), one has
1,(H(w.t))=1,(it)-h(u,t)=c,(a)-h(u,t), forany >0,  (3.9)

where

2 1 q

h(ﬁ,t):jRN#g(ﬁ)ﬁj{l_th7/ +tm_ljf

425
- NMG w)dx+tV| |G t%ﬁ dx.
R 2s ( ) R

By (3.6), we know that 4 (w,7)>0 for 7e(0,1)U(l,+) and

weH’ (RN)\{O} . By Lemma 2.3, there exists 7, €(0,1) and 7, (1,+%) such
that

P, (H(w.T,))>0, P,(H(i,T,))<0. (3.10)

Applying Willem’s quantitative deformation Lemma [19]. Let

S:zB(ZT,é')ﬁSu, £:= min{@,w,l,%}

Then there exists 7 e C([O,l] x Sa,Sa) such that
(a) 7](1,14) =u if 1, (u) <c, (a)—28 or [, (u) >c, (a)+28;
(b) 77(1, 1% S) < 19

() 1, (r](l,u)) <1, (u) forany ues,.
According to Lemma 2.3, I, (H(i.t))<1,(i)=c,(a) for t>0, then it fol-
lows from (3.8) and (b) that

Iq(r](l,H(LT,t)))ch (a)—e, forany >0, |t—1|<§1. (3.11)
By (c) and (3.9), one has
I, (U(I,H(E,t)))ﬁlq (H(ﬁ,t))ﬁcq (a)-6,, forany >0,

t-1265, (3.12)
where
S, =min{h(1-6,,ir),h(1+6,,ir)} > 0.
Combining (3.11) with (3.12), we have

max 1 (n(LH(0))) <c, (a).

Next, we claim that 7(1,H(i,t)) NP, (a)#@ forsome te[T,,T,].

Define v, (t) =F, (U(I,H(ﬁ,t))) for t>0.Itfollows from (3.9) and (a) that
r](l,H(LT,t)) =H(ir,t) for t=T, and t=T,, which, together with (3.10), im-
plies

v, (1) =P, (H(@.1))>0. v, (%)= P, (H(7.1,)) <0,
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Since w,(¢) iscontinuouson (0,), then thereexists 7, €[7;,7,] such that
w,(t,)=0. Hence, n(1,H(i,t,))NP,(a)+ D, contradicting the definition of
¢, (a) . This completes the proof. O

Proof of Theorem 1.1 It follows from Lemmas 3.1 and 3.2 that there exists
i, € P, (a), such that

1,(a,)=c,(a) and I

, (#)=0

a

By the Lagrange multiplier theorem, there exists a Lagrange multiplier 1 € R
such that (ﬁa A, ) solves

“AY u+Au=g(u)+u" u
(-8) g (u)+]u|

Then, we have

Joo

Using the fact that i, € P, (a), we have

SIRN

Combining (3.13) with (3.14), we obtain

2

(—A)% i, i “de=0. (3.13)

d‘x+iaJ.RN azdx_ ng(ﬁa)ﬁadx__"RN

u[l

qu_%LRNg(ﬁa)ﬁa _ZG(ﬁa)dx =0. (314)

|

[ ve(d,)i,dx +%LR~ G(a, )dx}.

B 2
(-A)2a,| dx —squRN

ua

1 _\ -
/Ia = ;[J-RN g(”a )uudx + J‘RN

- =2

By (G4), it implies 4, >0 . Thus (ﬁa,}:u)eH:(RN)xR+ is a normalized
ground state solution of Equation (1.1). We assert that i, >0 by the strong

ua

(-8)d,

' dx_IRN

2s—N
2s

i |" dx+

maximum principle. Furthermore, by Lemma 3.1, #, is radially non-increasing.
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